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  

1.  z1 = 3 + 3i z2 = p + qi p, q ∈ 

 Given that  ½z1z2 ½ = 15 2

 (a) determine ½z2 ½
(2)

 Given also that  p = –4

 (b) determine the possible values of q
(2)

 (c) Show z1 and the possible positions for z2 on the same Argand diagram.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

(z, zz) = (zi)(z2)

15 v = 17, 1172)

find 17.1 first : 17 . 1:137 = 3

·: Iz , l = 3

15 = 32(72)
6

= 3

(72) = 152
= 5

3

(zz) = 5

b .
(72) = 5 using part (a)

(p + qi) = 5

1 - 4 + ai) = 5

F2+ (a) = 5

#Fi= 15126
Square both sides

1 - 4)2 + (g) 2 = 151

16 + q2 = 25

q2 = 9

q = =5 = 13

a = 13
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  

Question 1 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

c
.

z ,
= 3 + 3i

zz = - 4 + 3iozz = - 4 - 3i

Im
A

-4 + 3i

X
3- x

3 + 3i

- 4) 3 > Re

X
- 3-

- 4 - 3i
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  

2.  f(x) = 10 – 2x – 1

2

1

3x x
− x > 0

 (a) Show that the equation  f(x) = 0  has a root α in the interval [0.4, 0.5]
(2)

	 (b)	Determine	f ′(x).
(3)

 (c) Using  x0 = 0.5  as a first approximation to α, apply the Newton-Raphson procedure 
once to f(x) to find a second approximation to α, giving your answer to 3 decimal 
places.

(2)

 The equation  f(x) = 0  has another root β in the interval [4.8, 4.9]

 (d) Use linear interpolation once on the interval [4.8, 4.9] to find an approximation to β, 
giving your answer to 3 decimal places.

(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a f(0 . 4) = 10 - 210 . 4) - 1 -
1

=
- 7 . 215569415

au 10.4.3

f10 . 5) = 10 - 210 . 5) - 1- 1
= 0 . 2928932188

25 10 . 53

There is a sign change from negative to positive and f(x) is continuous: root , a , lles

in [0. 4
, 0 . 5).

b. rewrite f(x) as indices :

f(x) = 10 - 2x - Ex - x

f(x) = - 2 +x
2

+ 3x
- 9

f(x) = = 2 + -x3 + 3x
a

C
. X1 = 1 . 75

we are looking for X2

Numerical Sols of Eas :

ewton-Rhapson Iteration for solving f(x) = o

Xn + 1
= Xn - f(Xn)

f'(xn)
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  

Question 2 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

From Newton-Rhagson Iteration : Xz = X1 - f(x)

f'(X
=

)

(1) must find f(x1) by subbing in X1(1 .75) into f(x)

(2) must findf'(x1) by differentiating f(x) and subbing in X11. 75) into f'(x).

(1) +(0.5) = 0 . 2928932188 from part (a)

(2) f'(x) =
- 2 + -

%
+ 309 from part (b)

+(0. 5) = 2 + 110 .55
%

+ 310 . 5) = 4670770678

Xz = (0. 5) -

0 . 2928932188

& 6 .70710678

Xz = 0 . 4937291509

X = 0 . 494(3d. p . )

d. Linear Interpolation :

x = af(b) - bf (a) for interval [a , b)

f(b) - f(a)

where < is the root

a = 4 .8b= 4 . 9

B = 18 + (4 . 9) - 4 .9 f(x-8)

f(4 .9) - f(4 - 8)

f(x . 8) = 10 - 2(48) - 1 - 1 = 0 . 1627400223

2 14.8)3

f(x . a) = 10 - 2(4 . 9) - 1- 1
=

- 0 . 03437683548

29 14. 9)3
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  

Question 2 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

B = 4 -8) - 0 . 03137683548) - 4 .9/0 . 1627400223)

- 0 . 03137683548 - 0 . 1627400223

B = 4 -882560175

B = 4 - 883(3a. p. )
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  

3.  M = 
k k
3 5

⎛
⎝⎜

⎞
⎠⎟

where k is a non-zero constant

 (a) Determine M–1, giving your answer in simplest form in terms of k.
(2)

 Hence, given that  N–1 = 
k k
4 1−

⎛
⎝⎜

⎞
⎠⎟

 (b) determine (MN)–1, giving your answer in simplest form in terms of k.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

x =anc d

def(x) = (a)(d) - (b)(c)

de + (m) = (n) (5) - (n)(3)

= 5n - 34 = 2n

det (m) = 2k

x = Jab , -netix
- b = - (k) = - k

- c = - (3) =
- 3

m=

b . (MN") = N"m+

(MN") =

&x S can use M" from parta

in
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  

Question 3 continued
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________
_____________________________________________________________________________________

(Total for Question 3 is 4 marks)

= 1 (n)(5) + (n)(- 3)(n)(u) + (n)(u)A24 (4)(5) + 1 - 1)(-3)(d)(-u) + 1- 1)(n)

=in

(MN)"=in
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  

4.  f(z) = 2z4 – 19z3 + Az2 + Bz – 156

 where A and B are constants.

 The complex number  5 – i  is a root of the equation  f(z) = 0

 (a) Write down another complex root of this equation.
(1)

 (b) Solve the equation  f(z) = 0  completely.
(5)

 (c) Determine the value of A and the value of B.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

For a quartic ea with form : ax +ba + cx" + dx + e
,

there are a roots.

There are 3 possibilities
: ↑ real roots

2 real roots and 2 complex roots / Conjugate pair

↑ complex roots 12 conjugate pairs) .

The other complex root must be the complex conjugate of (5-i)

&
flip sign of Imaginary component

5 + i

b
.

(z - (5 +=))(z - 15 -y)(az + 3z + c

(z - 5 - i)(z - 5 + i)(az + bz + c)

/z2 - 5z Fiz - 5z + 25 -5i -xz +5i - i2)(az + bz + c)

(z2- 10z +25 - (-1))(az + bz + c)

(z2 - 10z + 26)(az+ bz + c

az" + bz3 + (z2 - 10az3 - 10bE - 10cz + 26az + 26bz + 20c

(a)z4 + (b - 10a)z + (c - 10b +26a)z + ( - 10c + 26b)z + 1260)

equate coefficients to fiz) : (1) a = 2

(2) b - 10a = - 19

(3) C - 10b + 26a = A

(4) - 10c + 26b = B

(5) 26c = - 156

(1) a = 2 (5) 26c = - 156

c =

- 156

26

c = - 6
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  

Question 4 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Sub a = 2 into (2) and Solve D.

(2)b - 10a = - 19

b - 10(2) : - 19

b - 20 = -19

b = 1

:

quadratic factor (2z + z - 6)

2z2 + z - 6 = 0

(2z -3)(z + 2) = 0

z = 2 orz = - 2

z = E ,
- 2

,
5 +i

C . Sub a = 2
,
b : 1

,
c = - 6 into 13) and 14) :

(3) C - 10b + 26a = A (4) - 10c + 26b = B

(-6) - 10(1) + 26(2) = A -101-6) + 26(1) = B

A = 36 B = 86

A = 36
,

B = 86
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  

5. The quadratic equation

2x2 – 3x + 5 = 0

 has roots α and β

 Without solving the equation,

 (a) write down the value of (α + β) and the value of αβ
(1)

 (b) determine the value of

  (i) α2 + β2

  (ii) α3 + β3

(4)

 (c) find a quadratic equation which has roots

(α3 – β) and (β3 – α)

  giving your answer in the form  px2 + qx + r = 0  where p, q and r are integers to be 
determined.

(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a x2- (sum of roots (x + (product of roots) = 0

let < , B be roots of quadratic

x2 - (x + B(x + (B) = 0

sum of roots : x + B

product of roots : GB

2x2 3x + 5 = 0 2
= 2

x2 - Ex + = = 0

C + B = 3

xB = =

n + B = z

CB = =



*P73334A01736* Turn over     

17

 

 

  

Question 5 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

bi
.

22 + B2 = ( + B) - 2aB

= (z) - 2))

= - 1

22 + B2 = -

ii.
C3 + B3 = (d + B(3 - 32B(c + B)

= (z) - 3)((z)
=-

C3 + B3 = -

c .
x2 - (sum of roots) x + / product of roots) = 0

x - (3 - B + B - x(x + ((23- B) x (B3 - x) = 0

x
= (3 + B - c -B(x + (B - 25 - BT + xB) = 0

x
= (3 + B - (+B)(x + ((xBi+ cr - (a + BT) = 0

x - (2 + B - (+p))x + ((9B)3 + (B) - ((+ p-2- 2(ab()) = 0

I
use ans Y use ans from

from part (bii part (bi)

x
= (1- ) - (z)(x + (( + (2) - 11 -* - c((7) = 0

x
- 1 - 5)x + (7) = 0

x2 + Ex + 3 = 0

x + Ex + z =

0x
16x2 + 150x + 369 = 0 - all integer coefficients

16x2 + 150x + 369 =0 p= 16 , 9 = 150 , = 369
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  

6. The parabola C has equation  y2 = 36x

 The point P(9t 2, 18t), where  t ≠ 0 , lies on C

 (a) Use calculus to show that the normal to C at P has equation

y + tx = 9t3 + 18t
(4)

 (b) Hence find the equations of the two normals to C which pass through the 
point (54, 0), giving your answers in the form  y = px + q  where p and q are 
constants to be determined.

(4)

 Given that

• the normals found in part (b) intersect the directrix of C at the points A and B

• the point F is the focus of C

 (c) determine the area of triangle AFB
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a Differentiale hyperbola ea" writ . 3) :

y2 = 36x

2y() : 36

y

sub in paint plat, 18t) :

9t181) = 1817) : 1

18 (t) +

Mtangent : E

Mnormal : t

Set my line equ y-y : m/X-X1) with M = t

(x, , y . ) = (9t2

, 18 +)

y
- 18t = - t(x - at 2)

y
- 18t = - tx + at

y + +x = at 3 + 18t
, shown
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  

Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b . sub in 154, 0) C = 54
, y : 0 into normal eat

y
+t x = 9+

3

+ 18t

(0) + + (54) = 9t
3

+ 18t

54t = 9t3 + 18t

93 - 36 = 0

at (t =
- 4) = 0

9t (t = 2)(t + 2) = 0

t = 0t = 2t = = 2

sub In all +-values into line eq" :

(1)t = 0
, y + 10(x = a(0) + 18(0)

y = 0

(2)t = 2
, y + (2)x = 9(2)3 + 18(2)

y + 2x = 108 =>
y

= - 2x + 108

(3) + = -2
, y + (-2)x = 9(-2)3+ 181- 2)

y
- zx = - 108 =>

y
= 2x - 108

y = 2x - 108

y = - 2x + 108

c
.

y= 36x

y2 = 4(9)xa = 9

directrx ea" : x = - 9

focus : 19 . 0

(1) find points A and B by solving each of the normal line eats simultaneously with

directix ea".
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  

Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(1) y = 2x - 108 (1) y = - 2x + 108

(2)x = - 9 (2)x = - 9

y = 2(- 9) - 108 y =
-2(- 9) + 108

y = - 126 y : 126

Al-a .
- 126) B( - 9 , 126)

(- 9
,
126)

252 STo 19 , 0)

( - 9
.

- 126)

AAFB : Ex18 x 252

= 2268

AAFB = 2268 units
?
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  

7.  A = 
− −

−

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

3

2

1

2

1

2

3

2

 (a) Determine the matrix A2

(1)

 (b) Describe fully the single geometrical transformation represented by the matrix A2

(2)

 (c) Hence determine the smallest positive integer value of n for which  An = I
(1)

 The matrix B represents a stretch scale factor 4 parallel to the x-axis.

 (d) Write down the matrix B
(1)

 The transformation represented by matrix A followed by the transformation represented 
by matrix B is represented by the matrix C

 (e) Determine the matrix C
(2)

 The parallelogram P is transformed onto the parallelogram P′	by	the	matrix	C

 (f) Given that the area of parallelogram P′	is	20	square	units,	determine	the	area	of	
parallelogram P

(2)

  

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

A = A A

·
+Elle (Elt) +(2)) )

(2)) -e) + ( )(z) (2)( ) + (- ))-z)

·
Z

=
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b .

Cost-Sinc - Anticlockwise rotation /Given in Formulae bookletJ
throughI about 0

sindso

*so sine.Sind

& - E

Equate the entres in the mathx : cose = 2 Sinc = Z

-
Sinc = Z =

- 5
wso I

Z

tand=-

= tan" (-5)

8 = -60

Rotation-so' anticlockwise about the origin

2

C . A represents a rotation of60 %

A rotated 6 times rotates -360
:

(1)

(A2)" : rotation - 360° : I

A = I

... n = 12

-

- 1 O
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

d. Start by drawing a Coordinate axis and Mark Coordinates 1) and (i)

Then transform both of these coordinates by transformation (Stretch S . F. 4 parallel to x-axis (

Ya M
Y

(i
X

(i)
x

Stretched S. F . 4 in

*

(d)
> x

3 - axiS

>

ap

rewrite matrix but

/Identity matux I
L now replace coordinates

with their transformations

1 O new matux represents transformation
&

4 0
In this specific orderJ J01 01

Bi*

e . order : C = BA

c=

+10) (- 2) + (1))-E)

=E

f . /det (c) 1 = area scale factor

x=
def(x) = (a)(d) - (b)(c)

det (c) = 1- 2(3)) - E) - ( - 2)(b)

=4

det (c) = 4
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 7 is 9 marks)

Area S . F .
= Ide+ (c) 1 = 141 = 4

Area of P x 4 = Area of p

x x4 = 20

4x = 20

x = 5

Area of P = 5 units
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8. (a) Use the standard results for r
r

n
2

1=
∑ and r

r

n

=
∑

1
 to show that for all positive integers n

r

n

=
∑

0
(r + 1)(r + 2) = 

1

3
(n + 1)(n + 2)(n + 3)

(5)

 (b) Hence determine the value of

10 × 11 + 11 × 12 + 12 × 13 + ... + 100 × 101
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

art(r+ 2)=+
-

&
In order to use summation results

,
must start from

1
.

: find the result of (r + 1) /r+ 2) when r = o
, then after can use summation results

r + 3r + 2 = (v+ 3r +2) vo ++ 3+ 2

r = 0

= (d + 3(0) + 2 + + 3 2

= 2+ v+ 3r + 2
V = 1

--

I solve

& + 3r + 2= Summations

21 = n

=
= (zn(n +1)(an+ 1)) + 3(kn(n+1) + 2[n] Sr = (n(n+ 1) I must learn !

r=

Er = In(n+ 1)(2n+

1) in the formulae booklet

= n(n+ 1)(2n+ 1) + 22n(n + 1) + 2n = In

&abstitute back

-

+ 3r + 2 = +Ennnnnn

= En(n+ 1)(2n + 1) + zn(n+1) + 2n + 2

=En (n)(an +) + En(n+ ) + 2(n+1)

(. factor out
a

· In[En(an + ) + En + 6)
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

· In[n(2n + ) + En + 0]

= In+ (n2 + En + En + 6)

= &(n+) (n2+ 5n + 6)

* In+ 1)(n + 2)(n+3)
, snown

b . 10x11 + 11x12 + 12x 13 +
...

+ 100 x 101
- -

LOWER LIMIT UPPER LIMIT

10 x 11 = (r+ 1) (r+ 2) =
lower limit = 9

100 x 101 = (r + 1) (r+ 2) =>
upper limit = 99

99 8

[r + 1)(r+ 2)= (r)(r+ 2) - Grit
v = 9 V = 0

↓ use part (a) ans

= 5(99 +1)(99 +2)(99 + 3) - =(0 + 1)(0 + z)(0+3)

= 343070

343070
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9.  (i) A sequence of numbers is defined by

u1 = 3

un + 1 = 2un – 2n + 1 n  1

  Prove by induction that, for  n ∈ 

un = 5 × 2n – 1 – n × 2n

(5)

 (ii) Prove by induction that, for  n ∈ 

f(n) = 5n + 2 – 4n – 9

  is divisible by 16
(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

i
.

(1) Base Case : Prove true for n = 1

U
,

= 5 x2
= =

- 2x27

U ,
= 3

the for n = 1

12) Assume true for n = K :

Un = 5 x 24
- =

- kx2

13) Prove true for n = k + 1 : Thinking ahead ,
sub in n k + 1

Un+ 1
= 2Up - 2

+ 7

& sub Un assumed true from Step 12) into Un-this is what we are

= 2(5x2* *

-kx2] - 24
+ +

trying to prove using
(2) :

= (2)(5)(2"=) - (2)(k)(24) - 2
* + +

index laws : amxa" = am-n Un + 1
= 5x2

n+ 1 - 1
- (k + 1) x 2k+ 7

L

= (5)(2')(2"=) - (n)(2')(24) - 24+ +
- 27 , zk

-1+

- Make a note to the side so we

= (5)(24) - (n)(2k
+ 1) - 24 + =

6
-2x2" = 2

+

know what we are working
rewive K as K + 1-1 to match pink

= (5)(2k+ -

1) - (k+1)(24+
+) and factor out 2"t for last 2 terms towards

.

= 5 x2k
+ 1 - =

= (n + 1)x2
k + 1

14) Conclusion

If this result is true for n = K
,

then it is true for n = K + 1 . As the result has been shown to be

true for n = 1
,

then the result is true for all n.
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Question 9 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

17) Base Case : check true for n = 1 :

f(x) : 5
2

- x() - 9

= 112

= 7(16) = divisible by 16

:
true for n = 1

12) Assume true for n = K :

f(r) = jk
+ 2

- an - 9

13) Inductive step , prove true for n = K + 1 :

f(u+1) = y k
+ 1 + 2

- 4(n + 1) - 9

= 54
+ 3

- 4n - 4 - 9

= 54+ 3
- 4k - 13

f(m + 1) - f(n) = (54 + 3

- 4n - 13) - (54
+ 2

- an - 9)

= (5(54+

2) - an - 13) - (54
+ 2

- an - 9)

: 5(54+2) - An - 13 - 54
+2

+ An + 9

= 4(54+ 2) - 4

= +((5k+ 2) - an - 9) + 104 + 32

= 4 f(u) + 16k + 32

f(u+1) - f(u) = & f(n) + 16k + 32

f(n+ 1) = 5 f(n) + 16(n+2) : true for n = n +

14) Conclusion

If this result is true for n = K
,

then it is true for n = K + 1 . As the result has been shown to be true for n = 2,

then the result is true for all n.


